The nontrivial dependence of the asymptotic diffusion on noise intensity has been studied for a Hamiltonian flow mimicking the Gulf Jet Stream. Three different diffusion regimes have been observed depending on the noise intensity. For intermediate noise the asymptotic diffusion decreases with noise intensity at a rate which is linearly dependent to the flow's meander amplitude. Increasing the noise the fluid transport passes through a superdiffusive regime and finally becomes diffusive again at large noise intensities. The presence of inner circulation regimes in the flow has been found to be determinant to explain the observed behavior. In the ocean detailed knowledge of the dispersion of passive tracers is crucial in order to make predictions about the transport of physical, chemical, and biological tracers. Important processes range from heat and mass transfer, transport in global biochemical cycles, or the spread of pollutants [1] to the transport of plankton [2] and fish larvae [3] . Especially in coarse climate models, transport on smaller scales has to be parametrized and statistical transport measures such as the eddy diffusivity are common [4] .
The nontrivial dependence of the asymptotic diffusion on noise intensity has been studied for a Hamiltonian flow mimicking the Gulf Jet Stream. Three different diffusion regimes have been observed depending on the noise intensity. For intermediate noise the asymptotic diffusion decreases with noise intensity at a rate which is linearly dependent to the flow's meander amplitude. Increasing the noise the fluid transport passes through a superdiffusive regime and finally becomes diffusive again at large noise intensities. The presence of inner circulation regimes in the flow has been found to be determinant to explain the observed behavior. In the ocean detailed knowledge of the dispersion of passive tracers is crucial in order to make predictions about the transport of physical, chemical, and biological tracers. Important processes range from heat and mass transfer, transport in global biochemical cycles, or the spread of pollutants [1] to the transport of plankton [2] and fish larvae [3] . Especially in coarse climate models, transport on smaller scales has to be parametrized and statistical transport measures such as the eddy diffusivity are common [4] .
Normal diffusion is a special case of diffusive transport and a simple model that does not always capture the behavior of real processes correctly. In general, diffusion can be defined in terms of the relative dispersion of diffusing particles which has a time dependence of the form
at long times. For normal diffusion γ = 1, while for γ > 1 the Lagrangian dispersion is considered as superdiffusion [5] . Power-law anomalous superdiffusion (γ > 1) can occur in developed turbulence [6] and in chaotic flows [7] . The subdiffusive case (γ < 1) is found in motion through highly heterogeneous media where particles can be trapped in certain regions for long periods of time, such as transport in porous media, gel electrophoresis of polymers (e.g., DNA), and soluble proteins in the nucleus of living cells [8] .
It has been shown that for long times and under the assumption of an underlying stationary stochastic process, the presence of a weak fluctuation causes anomalous diffusion to asymptotically become normal at crossover times t c . These crossover times are inversely proportional to the noise intensity ξ , i.e., t c ∝ ξ −β with some exponent β of the order of unity [9] . In terms of the waiting time distribution the transition to normal diffusion is reflected by an exponentially decreasing distribution ψ(t) ∼ exp(−ξt)/t μ [9] . Consequently, as the noise vanishes ξ → 0, the exponential term becomes one and the crossover time goes to infinity. In the limit t → ∞ and for finite noise ξ the diffusion process is normal and the asymptotic diffusion coefficient
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for ξ 1, while α = f (β) depends on the used model [9] [10] [11] . However, taking the limit ξ → 0, D A gives an infinite result. Karney et al. [12] showed that exchanging the limits, i.e., taking ξ → 0 before t → ∞ in Eq. (2), the value of D A depends on the initial location of the tracers. This dependence of D A on initial conditions is especially pronounced in flows with circulation regimes where tracers may be trapped. In particular, the relative distance in between these sticky trapping regions and the position and size of initial tracer patches turn out to influence the asymptotic value of D A [12] .
In this Brief Report, we numerically study this limit and show that Eq. (3) does not always hold. For that purpose, we determine the effect of additive noise on the transport in a Hamiltonian system leading to a nontrivial dependence of the asymptotic diffusion coefficient on the noise intensity ξ .
The meandering jet flow was introduced as a simple kinematic model for the Gulf Stream and is frequently used to describe western boundary current extensions in the ocean [13, 14] . This flow is usually represented in a reference frame ζ = x − c x t , δ = y moving with the phase velocity c x of the meander, where x and y are Cartesian coordinates, positive eastward and northward, respectively. Then, the corresponding nondimensional stream function can be written as
where (x,y) = (ζ,δ)/λ are the dimensionless coordinates. The velocity field V (x,y) in this moving frame is obtained from the stream function as V (x,y) = e z × ∇ψ.
We consider an additional noise perturbation η(t) that mimics environmental fluctuations, and we arrive at the following coupled differential equations for the particle velocity: 
Here η(t) is a Gaussian stochastic process with zero mean, a temporal correlation function η(t)η(t ) = 2ξδ(t − t ), and noise intensity ξ . The original parameters of the model are the total eastward transport 2ψ 0 , the width λ, the amplitude A, and the wave number k = 2π/L of a sinusoidal meander. These are converted to dimensionless quantities
0 c x , and the dimensionless time t = ψ 0 λ −2 t . The parameters of the model are chosen such that they properly represent geophysical features of the Gulf Stream. Table I summarizes these values. Equations are then integrated using the Heun scheme [15] and a time step of t = 10 −3 . Figure 1 shows the jet flow in the comoving frame for this set of parameters. This flow can be divided into three distinct regimes: a central meandering eastward jet (A), closed circulation above meander troughs and below crests (B), and exterior retrograde westward motion (C). Fluid particles are restricted to each of these regimes and no cross-stream mixing occurs. In the presence of an added temporal variability, the boundaries between regimes break up, allowing transport and exchange of fluid between regimes. For the jet amplitude B > B crit , the geometry of the flow changes drastically and Table I. the central meandering jet moves westward. For the set of parameters indicated in Table I , B crit ≈ 3 [14] .
For the numerical experiments, initially a cluster of N = 500 particles separated from each other by a distance δ 0 = 10 −3 was located at the stationary point inside the closed circulation core (B) (x 0 ,y 0 ) = (0,B − cosh −1 C −1/2 ). Then, the temporal evolution of the relative dispersion R 2 (t) (1) of this cluster is calculated for times up to t = 10 7 . It was found that the statistical properties calculated throughout this paper do not depend on the number of tracers, provided that the corresponding computation time is sufficiently long.
The time evolution of the relative dispersion for three noise intensities is shown in Fig. 2(a) . We estimate the power-law growth at large times for different noise intensities. Figure 2(b) shows the values of the exponent γ in Eq. (1) as a function of the noise intensity, calculated for two periods of time. Our results show that the exponent γ > 1 for intermediate noise intensities, while for small and large values of noise, γ = 1. For large noise 1/ξ → 0 the exponent evolves as γ → 1 because inner cores become blurred by noise and diffusion is dominant. For intermediate noise intensities some particles intermittently enter within the inner cores where they may remain for some time, while others travel long distances and this causes R 2 (t) to increase superdiffusively [16] . The very high values of γ up to 10 for intermediate noise intensities in Fig. 2(b) can be understood looking at the two curves (red squares and green triangles) in Fig. 2(a) . Both curves show a type of transitory behavior with a high slope. This transition is expected to appear for all noise values, i.e., even for an arbitrary long integration time of the system there is always a noise intensity, such that the transition occurs at the end of the simulation. Thus, the peak in Fig. 2(b) shifts to lower noise intensities (right of the figure) as integration time increases [cf. the two curves in Fig. 2(b) ]. For small noise 1/ξ → ∞ the exponent evolves as γ → 1 because particles have not yet left the inner circulation cores, i.e., the typical waiting time is longer than the simulation time.
Theoretically, it is expected that in the limit t → ∞ the diffusion should become normal and γ → 1 for any noise intensity. However, we find that for intermediate noise intensities this limit may be well beyond an experiment's lifetime and was not approached in this numeric study. When the asymptotic case of normal diffusion is not reached, D A as defined in Eq. (2) is not a constant value and we estimate a lower bound for D A at the maximum simulation time t = 10 7 . The asymptotic diffusion coefficient D A measured as a function of the noise intensity is shown in Fig. 3 . Table I. same qualitative behavior although the maximum D A value is displaced toward small noise intensity values (shifted to the right in Fig. 3) .
Increasing the noise, the boundaries between the jet flow regimes described in Fig. 1 become permeable to particle crossings due to the random component η(t) and η (t) in the equations of motion. The exchange process is similar to the one described in Ref. [17] where lobes of fluid are entrained and detrained from the edge of the jet. The onset for this particle exchange occurs at a finite nonzero value of the perturbation [14] [12] , for ξ → 0, D A depends on the initial conditions and attains a constant value for (x 0 ,y 0 ) values far from the inner circulation core. In those regions, the laminar peripheral westward currents do not disperse the tracers and R 2 (t) ≈ const. For initial conditions inside the circulation core or at the jet stream, the results do not differ qualitatively from those described here.
To conclude, in this Brief Report we have analyzed the nontrivial dependence of the asymptotic diffusion coefficient D A on noise mimicking environmental fluctuations in a kinematic model of the Gulf Stream. Above a certain nonzero value of noise intensity the closed flow regimes become permeable to particle crossings which explains the presence of a maximum asymptotic diffusion coefficient. For intermediate noise intensities, D A ∼ ξ −α and the transport becomes superdiffusive [9, 10, 16] . However, as an important result we find that this dependence does not hold for ξ → 0. The scaling coefficient α was found to decrease with the jet amplitude. Finally, for large noise intensities D A ∼ ξ as expected. The transport at large times, diffusive for small noise intensities, becomes superdiffusive at intermediate noise intensities and then normal at large noise. The presence of a trapping remnant regular region in the flow for low and intermediate noise intensities turned out to be important to explain the nontrivial dependence of the asymptotic transport on the perturbation strength. For very small noise we did not find superdiffusive behavior within the computing times used in this Brief Report (∼10 4 years). The results even remain unchanged when B > B crit and the direction of the jet is reversed, which indicates that they might be applicable to other flows consisting of jets and trapping regions. Table I .
We are confident that in real experiments with comparably short lifetimes, the three described diffusion regimes can be observed. The jet stream model can not only be used to describe the Gulf Stream, but also others like the Kuroshio current [18] or the polar jet in the atmosphere. Our results may therefore help to interpret and predict the transport of tracers in a jet which is subject to environmental fluctuations.
